Introduction
Let p ≥ 2 be a prime number and assume that G is a finite metabelian p-group with abelianization G/G ′ of type (p, p). Then G = x, y has two generators x and y and we call s 2 := [y, x] ∈ G ′ the main commutator of G. There is an action G × G ′ → G ′ , (g, t) → t g := g −1 tg, of G on the commutator subgroup G ′ via inner automorphisms, since t gh = (gh) −1 tgh = h −1 g −1 tgh = (t g ) h , t 1 = t, and G ′ is a characteristic subgroup of G. This action can be extended to the integral group algebra Z[G] by putting t mg+nh := (t g ) m · (t h ) n , for m, n ∈ Z, g, h ∈ G. Based on this extended action, Furtwängler proved the following theorem [9] , which is crucial for the present article. is a finite product of (usual) powers of iterated commutators.
In [9] , Furtwängler has in fact proved a generalization of this theorem for a finite metabelian p-group G = x 1 , . . . , x n with generator rank d 1 (G) = n and its is isomorphic to the (multiplicative) commutator subgroup G ′ of G.
The layout of this article is as follows. We focus on three infinite classes of groups for which parametrized presentations are known. Required background is provided in § 2.1 for metabelian 3-groups of coclass 1, in § 2.2 for metabelian 3-groups G of coclass cc(G) ≥ 2 with abelianization G/G ′ of type (3, 3) , and in § 2.3 for metabelian p-groups of coclass 1, for an arbitrary prime p ≥ 2. The aim of § § 3, 4, 5 is to determine the annihilator A of these metabelian p-groups. In § 6, finally, the structure of the commutator subgroup G ′ of G is calculated with the aid of a suitable basis of the additive group underlying the residue class ring Z[X, Y ]/A.
Presentations of metabelian p-groups
For identifying those bivariate polynomials f (X, Y ) ∈ Z X, Y with integer coefficients which generate the annihilator ideal A of the main commutator s 2 = [y, x] of a two-generated metabelian p-group G = x, y we need a presentation of the group.
Generally, let G = x, y be a metabelian p-group with two generators. Assume that G is of order |G| = p n , where n is the logarithmic order, of nilpotency class c = cl(G) = m − 1, where m is the index of nilpotency, and of coclass r = cc(G) = n − c = n − m + 1. Denote the lower central series of G by where ζ j (G)/ζ j−1 (G) = Centre(G/ζ j−1 (G)), for j ≥ 1.
2.1. 3-groups of maximal class. Let G be a metabelian 3-group of coclass r = cc(G) = 1, where 3 ≤ m = n, i.e., G is non-abelian. Denote the two-step centralizer of γ 2 (G)/γ 4 (G) by (2.3) χ 2 (G) := {g ∈ G | [u, g] ∈ γ 4 (G), for all u ∈ γ 2 (G)} , that is,
whence γ 2 (G) < χ 2 (G) < G ⇐⇒ m ≥ 4, and select normalized generators of G = x, y such that (2.4) x ∈ G \ χ 2 (G), if m ≥ 4, y ∈ χ 2 (G) \ γ 2 (G).
Starting with the main commutator s 2 := [y, x] ∈ γ 2 (G) define the higher iterated commutators recursively by s j := [s j−1 , x] ∈ γ j (G), for j ≥ 3, and observe that they can be expressed as (2.5)
, for j ≥ 2, by symbolic powers, as explained in Remark 1.1. The general theory of p-groups of maximal class can be found in Huppert [11, § 14, p . 361] and Berkovich [1, § 9, p. 114] . In the isomorphism class of a metabelian 3-group G of maximal class, there exists a representative G m γ (β, α) whose normalized generators satisfy the following relations, according to Blackburn [4] , Miech [18, 19] , and Nebelung [20, § 3.2, p. 58]:
• parametrized power relations with parameters −1 ≤ α, β ≤ 1, (2.6)
• parametrized commutator relations with parameter −1 ≤ γ ≤ 1,
• parametrized nilpotency relations with parameter m ≥ 3 (the index of nilpotency), (2.8)
and j ≤ m − 1, with cyclic factors (CF) of the lower central series, which coincides here with the reverse upper central series,
In the case of an index of nilpotency m ≥ 4, the commutator relation for s 2 in Formula (2.7) explicitly describes the properties of the two-step centralizer χ 2 (G) = y, γ 2 (G) , which are implicitly postulated by Formula (2.3):
where 0 ≤ k = k(G) ≤ 1 denotes the defect of commutativity of G. It is closely related to the parameter γ, since we have k = 0 ⇐⇒ γ = 0, and k = 1 ⇐⇒ γ = ±1.
Remark 2.1. Note that we have used Nebelung's parameters α, β, γ in the presentation of G, which are denoted δ, γ, −β by Blackburn [4, p. 82, (33) , and p. 84, (36), (37)], w, z, −a(m − 1) by Miech [18] , and w, z, a(m − 1) by Miech [19] , respectively, in the same order.
2.2. 3-groups of non-maximal class. Let G be a metabelian 3-group of coclass r = cc(G) ≥ 2 with abelianization G/G ′ of type (3, 3) . As before, assume that G has order |G| = 3 n , nilpotency class c = cl(G) = m − 1, and index of nilpotency m. Then G cannot be a CF-group and must have at least one bicyclic factor γ 3 (G)/γ 4 (G) ≃ C 3 × C 3 of the lower central series, as will be explained in section § 4.1. The CF-invariant e = e(G) characterizes cyclic factors of the lower central series,
In particular, e = 2 ⇐⇒ G is a CF-group. The resultant structure of the lower central series, (2.12) |G| = (G : 1)
, establishes some relations between invariants under isomorphism. Firstly, we obtain the equation c + r = n = 2 + 1 + 2(e − 2) + c − e = c + e − 1, which connects the coclass r with the CF-invariant e by r = e − 1. Secondly, the nilpotency index m determines an upper bound for the CF-invariant e ≤ c = m − 1, and thus also for the logarithmic order n = c + r = c + e − 1 ≤ m − 1 + m − 1 − 1 = 2m − 3. Conversely, the coclass yields a lower bound for the class c ≥ e = r + 1, in particular, c ≥ 3 for r = 2. In summary, we have the following statements for a group of non-maximal class:
Next, we must generalize the two-step centralizer χ 2 (G) for groups of non-maximal class. Denote the centralizer of the two-step factor group γ j (G)/γ j+2 (G) of the lower central series by (2.14)
χ j (G) is the biggest subgroup of G with the property [χ j (G), γ j (G)] ≤ γ j+2 (G). These twostep centralizers form an ascending chain,
, of characteristic subgroups of G which contain the commutator subgroup G ′ . The centralizer χ j (G) coincides with G if and only if j ≥ m − 1. We characterize the smallest two-step centralizer different from the commutator group by the centralizer invariant s = s(G):
According to Nebelung [20, p. 57] , normalized generators of G = x, y can be selected such that the first bicyclic factor of the lower central series is generated by their third powers,
Denote by s 2 := t 2 := [y, x] ∈ γ 2 (G) = G ′ the main commutator of G, and let higher iterated commutators be declared recursively by
Observe that, as explained in Remark 1.1, these commutators can be expressed as symbolic powers
Starting with the powers
, for j ≥ 4, and put Σ j := σ j , . . . , σ m−1 , T j := τ j , . . . τ e+1 , for j ≥ 3.
Finally, let the defect of commutativity
One of the principal results of Nebelung's thesis [20, p. 94] , which is also briefly summarized in [15, p. 456] , is the following parametrized presentation. In the isomorphism class of a metabelian 3-group G of non-maximal class with abelianization G/G ′ of type (3, 3) , there exists a representative G m,n ρ (α, β, γ, δ) whose normalized generators satisfy the following relations:
• basic power relations,
expressing the structure γ j (G) = σ j , τ j , γ j+1 (G) = Σ j T j with bicyclic or cyclic factors (BCF) γ j (G)/γ j+1 (G), for j ≥ 3, of the lower central series, • parametrized nilpotency relations with parameters m ≥ 4 (the index of nilpotency), e ≥ 3 (the CF-invariant), and 0 ≤ k ≤ 1 (the defect of commutativity),
making the structure of the BCF precise, γ j (G) = σ j , τ j , γ j+1 (G) with bicyclic factor
• basic connecting relations between s i and σ i , resp. t i and τ i , (2.23)
• parametrized first central relations with parameters −1 ≤ β, δ, ρ ≤ 1, (2.24)
denotes the trace element, • and parametrized second central relations with additional parameters −1 ≤ α, γ ≤ 1, which can be viewed as supplementary connecting relations,
where the first centre is bicyclic ζ 1 (G) = σ m−1 , τ e for k = 0, but cyclic ζ 1 (G) = σ m−1 for k = 1, and the second centre is tricyclic ζ 2 (G) = σ m−2 , σ m−1 , τ e for k = 1 (with m ≥ 5). The defect k is related to ρ by k = 0 ⇐⇒ ρ = 0, and k = 1 ⇐⇒ ρ = ±1.
2.3. p-groups of maximal class. Most of the statements concerning 3-groups of maximal class in § 2.1 remain true for p-groups of maximal class, for an arbitrary prime number p ≥ 2.
As before, the two-step centralizer χ 2 (G) := {g ∈ G | [g, u] ∈ γ 4 (G) for all u ∈ γ 2 (G)} of the two-step factor group γ 2 (G)/γ 4 (G) of the lower central series is the biggest subgroup of G such that [χ 2 (G), γ 2 (G)] ≤ γ 4 (G). It is characteristic, contains the commutator subgroup G ′ , and coincides with G if and only if m = 3. However, we now have to pay more attention to the defect of commutativity k = k(G) of G which is defined by (2.26) [
and displays a broader variety of possible values than for p = 3, namely
Even more care is required for the parametrized presentation of G, since it will be crucial for determining the annihilator A of G. In the isomorphism class of a metabelian p-group G of maximal class, and of order |G| = p m , there exists a representative G m a (z, w) whose normalized generators satisfy the following relations with a fixed system of parameters a = (a(m − k), . . . , a(m − 1)), w, and z, according to Miech [18, p. 332 ]:
• parametrized relations for pth powers of the generators x, y and of higher commutators s j , with parameters 0 ≤ w, z ≤ p − 1, (2.27)
• and a parametrized commutator relation with parameters 0
3. Annihilators of metabelian 3-groups of maximal class Remark 3.1. We continue the traditional notation for particular ideals occurring as annihilators A = A(G) of finite two-generated metabelian p-groups G, which was initiated by Scholz and Taussky [22] by using old German fraktur letters L, X, Z, R, T, V. In the same manner we are going to define new ideals W, Y, S, U, which were not considered in [22] yet. 
with
Proof. We systematically transform relators of the group G into generators of the ideal A in the ring
According to the nilpotency relations in Formula (2.8), we have 1 = s m = s 
The third power relation in Formula (2.6) yields 1 = s
for j = 2. Consequently, the pre-image X 2 + 3X + 3 ∈ A of the trace element
The groups in Theorem 3.1, which can be realized as second 3-class groups of quadratic fields [14] , have transfer kernel types (TKTs) a.1/2/3 [13] .
In the preceding proof, we have not exploited all power relations yet. The remaining relations for the powers x 3 , y 3 of the normalized generators x, y can be used for determining two particular polynomials 
, satisfying the Schreier conditions
Proof. Since the abelianization G/G ′ of the group G = x, y is of type (3, 3) , the powers x 3 , y 3 of the normalized generators x, y are contained in the commutator subgroup
, in Formula (1.1), there
. Using the first and second power relation in Formula (2.6) we therefore obtain
resp. s 
with tr 3 (y) = 1 + y + y 2 = (y − 1) 2 + 3(y − 1) + 3, by the general power rule for commutators.
Consequently, the Schreier conditions can be expressed in the form s
, y] = 1, and
, that is, as congruences modulo A,
, and with trace polynomials
The Schreier conditions were used essentially by Scholz and Taussky [22, (1)- (5) 
Annihilators of metabelian 3-groups of non-maximal class
For the annihilator A of groups G of coclass cc(G) ≥ 2, the proof of the analogue of Theorem 3.1 is less straight forward, requires intricate distinctions of cases, and will be done in several steps, since groups with small nilpotency class and small coclass need additional considerations.
4.1. Succinct survey of exceptional groups. In this preparatory section, we need a minimum of familiarity with rooted descendant trees of finite 3-groups, as presented in detail in [16] . Further, we use identifiers of the form order, counter as given in the SmallGroups database [2, 3] . Since we are dealing with groups G having abelianization G/G ′ of type (3, 3) , the descendant tree T (R) of the abelian root R = 9, 2 ≃ C 3 × C 3 contains all the groups under investigation, when we restrict it to its metabelian skeleton. The groups G of maximal class (coclass cc(G) = 1) in § 2.1 and § 3 arise as successive descendants of step size 1 starting from the root R, as drawn in [16, Fig. 3, p. 167] . Consequently, they are CF-groups with cyclic factors
The groups G of second maximal and lower class (coclass cc(G) ≥ 2) in § 2.2 and in the present section § 4 start with seven descendants 243, 3 . . . 9 of step size 2 of the parent 27, 3 , which is not coclass settled with nuclear rank 2, as shown in [16, Fig. 4, p. 171 ]. These seven isomorphism classes of coclass r = 2 share the common nilpotency class c = 3, resp. nilpotency index m = 4, and belong to the stem Φ 6 (0) of Hall's isoclinism family Φ 6 [10] . Required information on these groups and relational parameters will be given in the Tables 2 and 3 . The bifurcation at the vertex B = 27, 3 is the reason why all groups G of non-maximal class, which share the common class-2 quotient G/γ 3 (G) ≃ B, are non-CF groups (i.e., BCF-groups) whose lower central series contains at least one bicyclic factor
The possibilities for groups with coclass r = 2, class c = 4, resp. m = 5, and defect k = 1 are more extensive and consist of twelve isomorphism classes, namely 729, 34 . . . 36 in Φ 40 (0), 729, 37 . . . 39 in Φ 41 (0), 729, 44 . . . 47 in Φ 42 (0), and 729, 56 . . . 57 in Φ 43 (0) [8, 12] . They are represented by tiny full discs in [16, Fig. 4, p. 171 ]. Data for them will be given in Table 1. 4.2. The smallest power of X ∈ ψ −1 {x − 1} within A. Due to the nilpotency relations for σ i in Formula (2.22), σ i = 1, for i ≥ m, and the basic connecting relations for s i in Formula (2.23), s i σ i σ i+1 = 1, for i ≥ 5, we have an inclusion for the exponent m − 2,
For the exponent m − 3, however, we obtain an exclusion,
m−1 = 1, and thus X m−3 ∈ A, for m ≥ 6.
Remark 4.1. An alternative argument for the inclusion X m−2 ∈ A is the fact that the iterated commutator s m lies in γ m (G) = 1, even for any m ≥ 4, but this kind of argument is not suitable for proving the exclusion X m−3 ∈ A, because although s m−1 is contained in γ m−1 (G) > 1, it is nevertheless possible that s m−1 = 1.
Proposition 4.1. Let G be a metabelian 3-group with abelianization G/G ′ of type (3, 3) . Suppose G is of order |G| = 3 n ≥ 3 5 , nilpotency class c = cl(G) = m−1 ≥ 3, coclass r = cc(G) = e−1 ≥ 2, and defect 0 ≤ k ≤ 1, where 4 ≤ m < n ≤ 2m − 3 and e = n − m + 2 ≥ 3. Then the annihilator ideal A Z[X, Y ] of G contains X m−2 as the power of X with minimal exponent. The unique exception are the four groups with SmallGroup identifiers 729, 44 . . . 47 [2, 3] , which are of order 3 6 , nilpotency class 4, and coclass 2, that is, n = 6, m = 5, and e = 3. For these groups, the smallest power of X contained in the annihilator A is X 2 with exponent m − 3.
Proof. It still remains to investigate,
To this end, we use the second central relation for For m = 5, we obtain an expression which depends on the relational parameters ρ and β,
, that is, s For the twelve isomorphism classes of groups with m = 5, n = 6, ρ = ±1, and generally for m = 5, ρ = 0, Table 1 gives the relevant information, according to [21, p. 4-7] , and [3] . Only in the exceptional case of the four isomorphism classes 729, 44 . . . 47 with TKT (transfer kernel type) H.4 [13] , m = 5, and ρβ = 1, we obtain an inclusion X 2 ∈ A. In the other cases of m = 5, we always have ρβ = 1, and thus X 2 ∈ A. For the exponent e − 2, however, we obtain the exclusion
e−2
2
= t e = τ e τ e+1 = τ e · 1 = τ e = 1, and thus Y e−2 ∈ A for e ≥ 5.
Remark 4.2. Here, the alternative argument for the inclusion Y e−1 ∈ A, that t e+1 is an iterated commutator in γ e+1 (G), can only be applied for the maximal value e = m−1, but not for e < m−1. Proof. It remains to investigate,
We employ the second central relation for t 4 in Formula (2.25), t 4 τ For e = 4, we obtain t Table 3 , using [21, p. 1-3], and [3] , then for m ≥ 5 odd, and eventually for m ≥ 6 even (with the number of classes and signs in parentheses), which is done in Table 4 , using [21, pp. 8-12] for infinitely many groups. b.10
As before, there is an exclusion t y−1 2 = 1 and Y / ∈ A for both, the 12 isomorphism classes with e = 3, for each odd m ≥ 5, and the 18 isomorphism classes with e = 3, for each even m ≥ 6. Now, let [χ s (G), γ e (G)] = γ m−1 (G), that is k = 1 and ρ = ±1. In view of the nilpotency relations for τ i in Formula (2.22), τ i = 1, for i ≥ e + 2, and the basic connecting relations for t i in Formula (2.23), t i τ = t e+2 = τ e+2 τ e+3 = 1 · 1 = 1, and thus Y e ∈ A for e ≥ 3.
For the exponent e − 1, however, we obtain the exclusion
, and thus Y e−1 ∈ A for e ≥ 4.
Proposition 4.3. Let G be a metabelian 3-group with abelianization G/G ′ of type (3, 3) . Suppose G is of order |G| = 3 n ≥ 3 5 , nilpotency class c = cl(G) = m−1 ≥ 3, coclass r = cc(G) = e−1 ≥ 2, and defect k = 1, where 5 ≤ m < n < 2m − 3 and e = n − m + 2 ≥ 3. Then the annihilator ideal A Z[X, Y ] of G contains Y e as the power of Y with minimal exponent. The unique exception are the four groups with SmallGroup identifiers 729, 44 . . . 47 [2, 3] , which are of order 3 6 , nilpotency class 4, and coclass 2, that is, n = 6, m = 5, and e = 3. For these groups, the smallest power of Y contained in the annihilator A is Y 2 with exponent e − 1.
Proof. It remains to investigate,
Again, we employ the second central relation for t 4 in Formula (2.25), t 4 τ Proof. The first central relations in Formula (2.24) provide more intricate bivariate polynomials lying in the annihilator A than the simple monomials X m−2 and Y e−1 , resp. Y e . (1) If the defect k = 0 vanishes, then the parameter ρ = 0 is also equal to zero, and we immediately obtain, firstly, s , but here we must also use the basic connecting relations for t i in Formula (2.23), t i τ
To express τ e+1 in terms of t e+1 , we put i = e + 1 ≥ 5, which is only possible for e ≥ 4.
This yields t (y−1)
, and thus Y e−1 − ρX m−3 ∈ A, provided that k = 1, m ≥ 6, and e ≥ 4.
For e = 3 we use Formula (4.1), t
, which implies that and thus
, and therefore XY + ρδ(Y 2 + 3Y + 3) = XY + Y 2 + 3Y + 3 ∈ A, the degenerate triviality
A, which implies 3Y ∈ A. In all cases of k = 1, we know from Proposition 4.3 that Y e ∈ A, for an assigned CF-invariant e ≥ 3, but Y e is a multiple of Y e−1 − ρX m−3 and thus superfluous as a generator of A.
4.5.
The general template for annihilator ideals.
Theorem 4.1. Let G be a metabelian 3-group with abelianization G/G ′ of type (3, 3) . Suppose that G is of order |G| = 3 n ≥ 3 5 , nilpotency class c = cl(G) = m − 1 ≥ 3 and nilpotency index m ≥ 4, coclass r = cc(G) = e − 1 ≥ 2 and CF-invariant 3 ≤ e = n − m + 2 ≤ m − 1, and defect of commutativity 0 ≤ k ≤ 1. Assume that G is isomorphic to the representative G m,n ρ (α, β, γ, δ) with parameters
denote the trace polynomial. Then the annihilator A = A(G) of G is given as follows.
(1) If k = 0, then, in dependence on the class c = m − 1 and the coclass r = e − 1,
is completely independent of the parameters α, β, γ, δ. 
with two parametrized exponents µ ≥ ν ≥ 1 and three multiplicative parameters −1 ≤ β, δ, ρ ≤ 1, forms the general template for all annihilators A = A(G) which can arise from two-generated metabelian 3-groups G. We briefly summarize in which way all the ideals R, T, V, X, Z, Z ′ , L, which are well known since Scholz and Taussky [22, (6) , p. 32], and some new ideals S, U, W, Y can be obtained by specialization from S µ,ν (β, δ, ρ). We also indicate the transfer kernel type (TKT) [13] which is preferably associated with each ideal, in particular, if G is realized as the second 3-class group of a quadratic field [14] .
(1) Groups of lower than second maximal class, i.e., of coclass cc(G) ≥ 3: µ ≥ ν ≥ 3.
• The template •
is associated with TKT b.10, where ρ = 0, β = 0, δ = 0.
• The simplest variant X µ := X µ , Y 2 , XY, T 3 (X) , where ρ = 0, occurs for many TKTs, E.6/8/9/14 and c.18/21. Here, the trace polynomial degenerates to T 3 (X) =
, where ρ = 0, µ = 2, is associated with two TKTs, D.5/10. The trace polynomial degenerates further to the constant 3, since X 2 , 3X ∈ A in T 3 (X) = X 2 + 3X + 3 (3) Groups of maximal class, i.e., of coclass cc(G) = 1: µ ≥ ν = 1. Here, the parameter γ takes over the role of the parameter ρ.
• . It is associated with the two extra special groups G of order 27. One of them can be realized as the second 3-class group of cyclic cubic fields but not of quadratic fields. Of course, one can get rid of the explicit parameters β, δ, ρ in the polynomial generators of the annihilator A by putting ± signs instead of nonzero values ρβ, ρδ, ρ, as it is done in [22] .
4.6. The groups G with bicyclic centre ζ 1 (G) ≃ C 3 × C 3 . In this section, we emphasize those groups G whose annihilators A are most amenable to determining the structure of the commutator subgroup G ′ in § 6. We begin with metabelian 3-groups G of second maximal class with CF-invariant e = 3. 
with the trace polynomial T 3 (X) = X 2 + 3X + 3.
Proof. This follows immediately from item (1) in Theorem 4.1 and item (2) in Remark 4.3.
The groups in Theorem 4.2, which can be realized as second 3-class groups of quadratic fields [14] , have transfer kernel types D.5/10 for m = 4, and generally E.6/8/9/14 or c.18/21 for m ≥ 5 [13] .
Remark 4.4. Theorem 4.2 provides a new method for deriving the results by Scholz and Taussky [22] for the transfer kernel types D.5/10 and E.6/8/9/14 [13] . The novelty is the explicit connection of the exponent µ of the smallest power X µ in the annihilator A,
with the nilpotency index m of the group G. Then the annihilator A = A(G) of G is given by
Proof. An immediate consequence of item (1) The groups in Theorem 4.3, which can be realized as second 3-class groups of quadratic fields [14] , have the transfer kernel types F.7/11/12/13 or d.19/23/25 [13] .
Remark 4.6. Theorem 4.3 provides a new method for deriving the results by Scholz and Taussky [22] for the transfer kernel types F.7/11/12/13 [13] . The novelty is the explicit connection of the exponents µ, resp. ν, of the smallest power X µ , resp. Y ν , in the annihilator A, 
4.7.
The smallest groups G with cyclic centre ζ 1 (G) ≃ C 3 . Up to now, we have not exploited the items (3) and (4) of Proposition 4.4 yet. They concern exceptional groups with invariants m = 5, n = 6, ρ = ±1, whose relational parameters β, δ, ρ were given in Table 1 .
Theorem 4.4. The exceptional annihilators of the twelve metabelian 3-groups G of order |G| = 3 6 , nilpotency class cl(G) = m − 1 = 4, and defect k = 1, are given in dependence on the relational parameters β, δ, ρ by Table 5 .
In particular, the annihilator of the four isomorphism classes of groups G with relational parameters β = 1, δ = 1, ρ = 1, having the transfer kernel type H.4, is given by
and the structure of the additive group underlying the residue class ring Z[X, Y ]/A with basis (1, X, Y ) is of type (9, 3, 3) .
Proof. Generally, this follows by inserting the relevant values of β, δ, ρ in Table 5 into the polynomial generators of item (3) (5) Using the inclusion X 2 ∈ A and the power rule for commutators, we obtain
Consequently, we have 3X ∈ A. Similarly, it follows that 3Y ∈ A.
As polynomial generators of the annihilator A it suffices to take ( − 1) , . . . , a(m − k) < p, where k = 0 for m ≤ 4, the annihilator ideal A = A(G) of G is given by
In particular, if the defect of G is k = 0, that is, the family a of parameters is empty, then
Proof. The proof is similar to the proof of Theorem 3.1.
According to the nilpotency relations in Formula (2.8), which are valid independently of the prime p, we have 1 = s m = s
for j = m − 1. As before, this implies that X m−2 ∈ A, but X m−3 / ∈ A. However, the commutator relation for s 2 in Formula (2.7) must now be replaced by Formula (2.28), and we obtain
The third power relation in Formula (2.27) for j = 1 yields
. According to the binomial formula, the exponent We obtain ord(1) = p Q+1 by the Euclidean division (µ−1)−j = (µ−1)−0 = µ−1 = Q(p−1)+R, which gives rise to a distinction of two cases, either R = p − 2, with maximal remainder, or 0 ≤ R < p − 2. Accordingly, we have µ = (Q + 1)(p − 1) a multiple of p − 1 in the first case, where the other Euclidean division (µ − 1) − j = (µ − 1) − (p − 2) = µ − p − 1 = Q(p − 1) yields the same quotient Q determining ord(X p−2 ) = p Q+1 . Thus, G ′ is strictly homocyclic with all p − 1 invariants equal to p Q+1 . In the second case, we have µ = Q(p − 1) + (R + 1) with 1 ≤ R + 1 ≤ p − 2, and the other Euclidean division (µ − 1) − j = (µ − 1) − (p − 2) = µ − p − 1 = (Q − 1)(p − 1) + (R + 1) yields the smaller quotient Q − 1 determining ord(X p−2 ) = p Q . Thus, G ′ is nearly homocyclic with R + 1 invariants equal to p Q+1 but (p − 1) − (R + 1) invariants equal to p Q . In both cases, this structure coincides precisely with the nearly homocyclic abelian p-group A(p, µ) of order p µ with µ = m − 2.
6.2. G ′ for metabelian 3-groups G of non-maximal class. In each of the following Propositions 6.2 -6.4, we consider the general template for annihilator ideals, A = S µ,ν (β, δ, ρ), generated by the bivariate polynomials if j is odd.
Proof. We start the induction with X µ ∈ A, which is equivalent to 1 · X µ = X µ ≡ 0, and yields ord(X µ ) = 1 = 3 0 2 with even integer j = 0. For the recursion, we use ρβX µ−1 +T (X, Y ) ∈ A, which is equivalent with ρβX µ−1 +T (X, Y ) ≡ 0. We assume that the assertion is true for some j ≥ 0.
• If 1 ≤ j + 1 < µ is odd, we multiply the congruence by 3 
Final remark
This article is dedicated to the memory of the gifted young group theorist Otto Schreier (1901 Schreier ( -1929 , whose early passing away in the age of 28 was a serious deprivation of the entire mathematical community, since his extensive knowledge comprised all the most up to date branches of mathematics in his time, for instance, class field theory, algebraic and analytic number theory, topology, functions of several complex variables, finite groups, discontinuous group actions, and representations of continuous groups. An obituary has been written by his friend and colleague Menger [17] . The central concept of the present article, annihilator ideals of finite metabelian p-groups, goes back to Furtwängler [9] , who was one of the academic advisors of Schreier at the University of Vienna, and was developed further by Schreier [23, 24] , Scholz and Taussky [22] , Szekeres [25, 26] , Brink [5] , Brink and Gold [6] , and Brown and Porter [7] .
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